We determine the optimal angle of release in shot put. The simplest model -mostly used in textbooks -gives a value of 45 • , while measurements of top athletes cluster around 37 − 38 • .
I. INTRODUCTION
We investigate different effects contributing to the determination of the optimal angle of release at shot put. Standard text-book wisdom tells us that the optimal angle is 45
• , while measurements of world-class athletes 1-7 typically give values of below 40
• . In Table I 7 give an average angle of release of about 37
• .
This obvious deviation triggered already considerable interest in the literature . Most of these investigations obtained values below 45
• but still considerably above the measured values. E.g. in the classical work of Lichtenberg and Wills (1976) 13 optimal release angles of about 42
• were found by including the effect of the height of an athlete.
We start by redoing the analysis of Lichtenberg and Wills (1976) 13 . Next we investigate the effect of air resistance. Here we find as expected 11, 13 that in the case of shot put air resistance gives a negligible contribution 34 . If the initial velocity v 0 , the release height h and the release angle θ are known, the results obtained up to that point are exact. We provide a computer program to determine graphically the trajectory of the shot for a given set of v 0 , h and θ including air resistance and wind.
Coming back to the question of the optimal angle of release we give up the assumption of Lichtenberg and Wills (1976) 13 , that the initial velocity, the release height and the release angle are uncorrelated. This was suggested earlier in the literature 8, 12, [17] [18] [19] 21, 22, 24, 30 . We include three correlations:
• The angle dependence of the release height; this was discussed in detail by de Luca (2005) 30 .
• The angle dependence of the force of the athlete; this was suggested for javeline throw by Red and Zogaib (1977) 33 . In particular a inverse proportionality between the initial velocity and the angle of release was found. 24 .
• The angle dependence of the initial velocity due to the effect of gravity during the period of release; this was discussed e.g. To include these three correlations we still need information about the angle dependence of the force of the athlete. In principle this has to be obtained by measurements with each invididual athlete. To show the validity of our approach we use a simple model for the angle dependence of the force and obtain realistic values for the optimal angle of release.
Our strategy is in parts similar to the nice and extensive work of Linthorne (2001) 24 . While
Linthorne's approach is based on experimental data on v(θ) and h(θ) our approach is more theoretical. We present some toy models that predict the relation v ∝ −θ found by Red and Zogaib (1977) 33 .
We do not discuss possible deviations between the flight distance of the shot and the official distance. Here were refer the interested reader to the work of Linthorne (2001) 24 .
II. ELEMENTARY BIOMECHANICS OF SHOT PUT
A. The simplest approach
Let us start with the simplest model for shot put. The shot is released from a horizontal plane with an initial velocity v 0 under the angle θ relative to the plane. We denote the horizontal distance with x and the vertical distance with y. The maximal height of the shot is denoted by y M ; the shot lands again on the plane after travelling the horizontal distance
Solving the equations of motions F = m˙ x with the initial conditioṅ
one obtains
The maximal horizontal distance is obtained by setting y(x) equal to zero Next we take the height of the athlete into account, this was described first in Lichtenberg and Wills (1976) 13 . Eq. (4) still holds for that case. We denote the height at which the shot is released with h. The maximal horizontal distance is now obtained by setting y(x) equal to −h.
This equation holds exactly if the parameters v 0 , h and θ are known and if the air resistance is neglected.
Assuming that the parameters v 0 , h and θ are independent of each other we can determine the optimal angle of release by setting the derivative of x M with respect to θ to zero.
The optimal angle is now always smaller than 45
• . With increasing h the optimal angle is getting smaller, therefore taller athletes have to release the shot more flat. The dependence on the initial velocity v 0 is more complicated. Larger values of v 0 favor larger values of θ.
We show the optimal angle for three fixed values of h = 1.6 m, 2 m and 2.4 m in dependence
With the average values from Table I for h = 2.15 m and v 0 ≈ 13.7 m/s we obtain an optimal angle of θ Opt. ≈ 42
• , while the average of the measured angles from Table I is about 38
We conclude therefore that the effect of including the height of the athlete goes in the right direction, but the final values for the optimal angle are still larger than the measured ones.
In our example the initial discrepancy between theory and measurement of 45
• is reduced to 42
• . These findings coincide with the ones from Lichtenberg and
For h ≈ 2 m and v 0 ≥ 12 m/s (hg/v 2 0 ≤ 0.136) we can also expand the expression for the optimal angle
with the kinetic energy E kin = 1 2 mv 2 0 and the potential energy E pot = mgh. m denotes the mass of the shot.
By eliminating different variables from the problem, Lichtenberg and Wills (1976) 13 derived several expressions for the maximum range at shot put:
Opt.
(v 0 eliminated) ,
= v 2 0
(h eliminated) .
Expanding the expression in Eq.(10) in hg/v 2 0 one gets
Here we can make several interesting conclusions
• To zeroth order in hg/v 2 0 the maximal horizontal distance is simply given by v 2 0 /g. This can also be read off from Eq. (5) with θ = θ Opt. = 45
• To first order in hg/v 2 0 the maximal horizontal distance is v 2 0 /g + h. Releasing the shot from 10 cm more height results in a 10 cm longer horizontal distance.
• The kinetic energy is two times more important than the potential energy. If an athlete has the additional energy δE at his disposal, it would be advantageous to put the complete amount δE in kinetic energy compared to potential energy.
• Effects of small deviations from the optimal angle are not large, since x M is stationary at the optimal angle.
C. The effect of Air resistance
Next we investigate the effect of the air resistance. This was considered in Tutevich (1969) 11 , Lichtenberg and Wills (1976) 13 . The effect of the air resistance is described by the following force
with the density of air ̺, the drag coefficient of the sphere c w (about 1/2), the radius of the sphere r and the velocity of the shot v. The maximum of v 0 in our calculations is about 16 m/s which results in very small accelerations a W . In addition to the air resistance we included the wind velocity in our calculations.
We confirm the results of Tutevich (1969) and obtain some additional information as listed in Table II by incorporating these effects in a small Computer program that can be downloaded from the internet, see Rappl (2010) 32 .
An interesting fact is that headwind reduces the shot more than direct wind from above Due to the smallness of this effect compared to the remaining discrepancy of about 4
• between the predicted optimal angle of release and the measurements we neglect air resistance in the following.
III. CORRELATIONS BETWEEN θ, v 0 AND h
Next we give up the assumption that the parameters θ, v 0 and h are independent variables. This was suggested e.g. 30 . We will include three effects: the dependence of the height of release from the angle of release, the angle dependence of the force of the athlete and the effect of gravity during the delivery phase.
A. The angle dependence of the point of release
The height of the point, where the shot is released depends obviously on the arm length and on the angle
with the height of the shoulder h s and the length of the arm b. Clearly this effect will tend to enhance the value of the optimal angle of release, since a larger angle will give a larger value of h and this will result in a larger value of x M . This effect was studied in detail e.g. 
As expected above we can read off from this formula that the optimal angle of release is now enhanced compared to the analysis of Lichtenberg and Wills (1976),
For typical values of v 0 , h s and b de Luca (2005) 30 gets an increase of the optimal angle of release in the range of +0.4
• to +1
• . With the inclusion of this effect the problem of predicting the optimal angle of release has become even more severe.
B. The angle dependence of the force of the athlete
The world records in bench-pressing are considerably higher than the world records in clean and jerk. This hints to the fact that athletes have typically most power at the angle 24 . The angle dependence of the force of the athlete can be measured and then be used as an input in the theoretical investigation. Below we will use a very simple model for the dependence to explain the consequences. This effect now tends to favor smaller values for the optimal angle of release.
C. The effect of gravity during the delivery phase
Finally one has to take into account the fact, that the energy the athlete can produce is split up in potential energy and in kinetic energy.
where δh = h − h s 36 . Hence, the higher the athlete throws the lower will be the velocity of the shot. Since the achieved distance at shot put depends stronger on v 0 than on h this effect will also tend to giver smaller values for the optimal angle of release. 
D. Putting things together
Now we put all effects together. From Eq. (15) and Eq. (20) we get
The angle dependence of the force of the athlete will result in an angle dependence of the energy an athlete is able to transmit to the put
The function E(θ) can in principle be determined by measurements with individual athletes.
From these two equations and from Eq.(15) we get
Inserting these two θ-dependent functions in Eq.(6) we get the full θ-dependence of the maximum distance at shot put
The optimal angle of release is obtained as the root of the derivative of x M (θ) with respect to θ. To obtain numerical values for the optimal angle we need to know E(θ). In principle this function is different for different athletes and it can be determined from measurements with the athlete. To make some general statements we present two simple toy models for E(θ).
E. Simple toy models for E(θ)
We use the following two simple toy models for E(θ)
This choice results in E = E 0 for θ = 0 and E = 2 3 E 0 for θ = π/2, which looks reasonable.
At this stage we want to remind the reader again: this Ansatz is just supposed to be a toy model, a decisive analysis of the optimal angle of release will have to be done with the measured values for E(θ). We extract the normalization E 0 from measurements
With the average values of Table I 
optimal angle of release to be
which lie now perfectly in the measured range! for the optimal angle of release.
2. The energy the athlete can transmit to the shot is split up in a kinetic part and a potential energy part. This effect favors smaller values for the optimal angle of release.
3. The force the athlete can exert to the shot depends also on the angle of release. This effect favors smaller values for the optimal angle of release.
The third effect depends on the individual athlete. To make decisive statements the angle dependence of the angular dependence of the force has to be measured first and then the formalism presented in this paper can be used to determine the optimal angle of release for an individual athlete.
To make nethertheless some general statements we investigate two simple, reasonable toy models for the angle dependence of the force of an athlete. With these toy models we obtain theoretical predictions for the optimal angle of 37 Table I shown as dots
